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Thetat = rtC(x, t, T ) − xrt
∂C
∂x














C(x, t, T ) = e−(T−t)rE [φ(ST−t)]
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Huh¯
ktt~iOktr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kji·Hz¤uwz¤uwOs0z¤iOk
τ := T − t vwu-s0z¤¥k±°[kjyjz|rkR½8¾u¯s0fwz|r rk§©k7f3t¦k
ThetaT = −Thetat =
∂C
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C(x, t, T,K) = e−
R T
t































Λτ (u, v, w)φ(Sτ ) +
∫ +∞
−∞















	! "#$	%&(')+*,	 -.0/	1$2,0 

























A z|kjuhkjyBr03tkRa±³#kR½ h½ ;FE >¬?Huh:~u:rs~a%f3r0s0z|@ H¥|jvw¥¤vhr©§z¤s0f)²vwihr ar%ktkkR½ h½ÌHuh1;í >³´~y
)ykttkjuasz¤uas0y~a[vhjs0z|~uÆ§z¤s0fyk±³\kjykjuhtktr¹½CADk7§¨~y0Ë¶~uÇwy~?[vhjs












































~uhkju-s1~H³¿²vwi[«¬[z®­Lvhr0z|~uy%Huhw~i ³Jvwuhjs0z|~u3H¥|r¹½ B kjs
D : L2(Ω) → L2(Ω × R+)wkjuh~sks0fhk·µJvwu-
~vwuhwkt3¸nH¥¤¥¤zdt¦?z¤uRy%[z|kju-s(~us0fhkA z|kjuhkjyr03tkR[zÝ½ÃkR½




1[0,tk](t)∂kf(Wt1 , . . . ,Wtn , ωX)
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F (ωW , ωX) = f(Wt1 , . . . ,Wtn , ωX),
§fhkjyk








Huh ‖ · ‖ s0fhkr H¥dHywy~?[vhjs@Huh¯uh~y0i z¤u L2(R+) 3Huhwk:huhk
DuF = 〈u,DF 〉, u ∈ L2(Ω × R+).
B kjs






fn(t1, . . . , tn, ωX)dWt1 · · · dWtn
wkjuh~sk@s0fhk@i+vw¥¤s0z¤w¥|k<r0s~?f3r0s0z|@z¤u-skjRy%H¥W~H³Ws0fhk(r0q?iiOkjs0y0z|³\vwuhjs0z|~u
fn ∈ L2(Rn+ ×ΩX)§z¤s0fÇyktr0Lktjss~·Ê¨y~¹§uwzdHuÇiO~s0z|~u
(Wt)t∈R+
½Ìkt H¥¤¥Ïs0f3Hs§©k7f3t¦k
DtIn(fn) = nIn−1(fn(·, t, ωX)), t ∈ R+,
Huhs0fhk<z|r~iOkjs0y0q:³\~y0i"vw¥d




F ∈ L2(ΩW × ΩX) ' L2(ΩW ;L2(ΩX))
[iz¤srÇ%f3~Rrwktt~iL~Rrz¤s0z|~u¼~H³s0fhk
³´~y0i







fn ∈ L2(Rn+ × ΩX)


























E[〈DF, u〉] = E[Fδ(u)], F ∈ Dom(D), u ∈ Dom(δ),
Huhs0fhk7[z¤¦kjy0kjuhtk7³´~y0i+vw¥d
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Hyk C1 BÏz¤hr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(φ(Su− + cu(Su−)∆Xu) − φ(Su−)) ,
0 ≤ s ≤ t hHuhqaz|kj¥|wr
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λ1, . . . , λd
[§¨k+f3t¦k

































(φ(Su + akcu(Su)) − φ(Su))du
]
























St = x exp
((













St = x exp
((







N1t · · · (1 + ηad)N
d

































rsdsC(St, t, T )
z|r8i·Hy0s0z¤uw-H¥|kRR³Jy~i µ´[½  a¸±






(x, t, T )
µ´[½FE¹¸
= rtC(x, t, T ) − at(x)
∂C
∂x
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Dsφ(ST ) = YT φ
′(ST ), 0 ≤ s ≤ τ, a.s.,
µ´[½í¸















φ(x) = (x − K)+ hHuh¶wy0z|tk
C(x, t, T,K) = e−
R T
t
rsdsE[(ST − K)+ | St = x],









































(x, t, T, y)
t~z¤uhjz|wktr§z¤s0fs0fhk7wkjuhr0z¤s¾q·³\vwuhjs0z|~u
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(φ(Sxt,T + zcT (S
x















































Λt,T (u, v, w)

k7wk:huhkt¶aq
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u, v, w ∈ L2([t, T ]) /L"
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Λt,T (u, v, w) ∈ L2(Ω)
 +,  #
φ : R → R  &C	  / 
 0	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Λt,T (u, v, w)φ(S
x
t,T ) + λ
∫ +∞
−∞
(φ(Sxt,T + zcT (S
x
t,T )) − φ(Sxt,T ))ν(dz)
]
.
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Λ0,τ (u, v, w)
-q
Λτ (u, v, w)§©k7f3t¦k







= e−τrE [φ(Sxτ )] ,
§z¤s0f




Λτ (u, v, w)φ(S
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τ /|DvSxτ |2 = 1/Sτ
Huh¯§¨k7kjs




















r̂ = r − λη ½ÌeBfhkjs%z|rs0fhkjuÇRz¤¦kju-q
Theta = e−rτE
[
Λτ (u, v, w)φ(S
x
τ ) + λ
∫ +∞
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Theta = e−rτ E [Λτ (u, v, w)φ(S
x
τ ) + λ(φ((1 + aη)S
x
τ ) − φ(Sxτ ))] .
îî ëHJILK±õLM
E      0	% ?	,  	







































φ(Su− + cu(Su−)∆Xu) − φ(Su−) − cu(Su−)∆Xuφ′(Su−)
)
,
0 ≤ s ≤ t [s~Oqaz|kj¥|
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Λτ (u, v, w)
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Var[Λτ (u, v, w)]
z¤u s0fwz|r
r%kjs0s0z¤uwh½
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Var[Λτ (u, v, w)]



































  "G r̂ = r − λη   	%% 


























t ∈ [0, τ ] ½
B kjs


























































F (u + εh, v, w)|ε=0 = 0
d
dε
F (u, v + εh,w)|ε=0 = 0
d
dε
F (u, v, w + εh)|ε=0 = 0,
µ´[½  a¸
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s ∈ [0, τ ] wHykr%~¥¤vws0z|~uhr¿~H³Ïs0fwz|rÌwy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〈h, ũ〉 − r̂〈h, w̃〉 = 0
‖w̃‖2〈h, ṽ〉 + 〈ṽ, w̃〉〈h, w̃〉 = 0









r0vh%f s0f3Hs ∫ τ
0 hsds = 0
Huh
(〈h, ũ〉, 〈h, ṽ〉, 〈h, w̃〉) 6= (0, 0, 0) 7fhkjuhtks0fhkwkjskjy0iz¤u3Huas
‖ṽ‖2‖w̃‖2 − |〈ṽ, w̃〉|2 = 0 µ´[½í¸
~H³s0fhkH
~ ¦k¥¤z¤uhk Hy@r0q?rskji ¦Huwz|r0fhktr¹½8wy~i µ´[½í¸Huh µ´[½í¸B§¨k7kjs



















































































































































































































E[Λτ (u, v, w)Λτ (unk , vnk , wnk)] = E[|Λτ (u, v, w)|2].
n~ykt~ ¦kjy 
0 ≥ l − E[|Λτ (u, v, w)|2]
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= lim
n→∞
E[Λτ (unk , vnk , wnk)
2] − E[|Λτ (u, v, w)|2]
≥ lim
n→∞
E[|Λτ (u, v, w) − Λτ (unk , vnk , wnk)|2]
+2E[Λτ (u, v, w)Λτ (unk , vnk , wnk)] − 2E[|Λτ (u, v, w)|2]
≥ lim
n→∞
E[(Λτ (u, v, w) − Λτ (unk , vnk , wnk))2]
+2 lim
n→∞
E[Λτ (u, v, w)Λτ (unk , vnk , wnk)]
−2E[|Λτ (u, v, w)|2]
≥ lim
n→∞
E[(Λτ (u, v, w) − Λτ (unk , vnk , wnk))2]
≥ 0,
fhkjuhtk




l = E[|Λτ (u, v, w)|2].
eBfavhrs0fhk<R¥|~3H¥iz¤uwz¤i+vwi z|r@Hs0s%Hz¤uhkt¯³\~y






























t )dt + b(S
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s ds 6= 0
  5/  
s ∈ [0, τ ]   #
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dSs = rSsds + σSsdWs
St = x,
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ũs = ṽs = w̃s = 1/τ
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a = (ln(K/x) − rτ)/σ h±³0½8kR½ h½(;í >¬[§fwz|%fÇq?z|kj¥|wrs0fhk<³´~¥¤¥|~ §z¤uw·Ry%Hwf D
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Number of trials=2e+04
Theoretical value
  80  90  100  110  120  130  140  150  160










































































  80  90  100  110  120  130  140  150  160































R     0	% ?	,  	
 5/ L	  5
Number of trials=2e+04
Integration by parts
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Theoretical value
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φ(x) = (x−K)+ ?wvwsBrBrktkju1z¤u:s0fhk@wykj¦?z|~vhr©r%ktjs0z|~uWs0fhk7nH¥¤¥¤zdt¦?z¤uÆ H¥|jvw¥¤vhr(Hwwy~fÆLkjy²³´~y0iOr
kjs0skjy³\~y[z¤Rz¤s%H¥~ws0z|~uhr ½
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Number of trials=2e+04
Finite difference method
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τ )y) − φ(Sxτ ))ν(dy)
)]
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Localized Malliavin formula
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(y − (K − ε))2 
 [−ε,ε](y − K) + (y − K) 
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Localized Malliavin formula
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